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AN INTEGRAL REPRESENTATION AND PROPERTIES OF
BERNOULLI NUMBERS OF THE SECOND KIND
FENG QI
Abstract. In the paper, the author establishes an integral representation
and properties of Bernoulli numbers of the second kind and reveals that the
generating function of Bernoulli numbers of the second kind is a Bernstein
function on (0,∞).
1. Introduction
The Bernoulli numbers of the second kind b0, b1, b2, . . . , bn, . . . are defined by
x
ln(1 + x)
=
∞∑
n=0
bnx
n. (1.1)
They are also known as Cauchy numbers, Gregary coefficients, or logarithmic num-
bers. The first few Bernoulli numbers are
b0 = 1, b1 =
1
2
, b2 = −
1
12
, b3 =
1
24
, b4 = −
19
720
, b5 =
3
160
. (1.2)
Can one establish an explicit formula for computing bn for n ∈ N?
In [14], by establishing an explicit formula for the n-th derivative of 1ln x , an
explicit formula for calculating bn was obtained as follows.
Theorem 1.1 ([14]). For n ≥ 2, Bernoulli numbers of the second kind bn can be
computed by
bn = (−1)
n 1
n!
(
1
n+ 1
+
n∑
k=2
an,k − nan−1,k
k!
)
, (1.3)
where an,k are defined by
an,2 = (n− 1)! (1.4)
and
an,i = (i− 1)!(n− 1)!
n−1∑
ℓ1=1
1
ℓ1
ℓ1−1∑
ℓ2=1
1
ℓ2
· · ·
ℓi−4−1∑
ℓi−3=1
1
ℓi−3
ℓi−3−1∑
ℓi−2=1
1
ℓi−2
(1.5)
for n+ 1 ≥ i ≥ 3.
In this paper, we will establish an integral representation and properties for
Bernoulli numbers of the second kind bn and show that the generating function
x
ln(1+x) in the left-hand side of (1.1) is a Bernstein function on (0,∞).
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2. Some definitions, notions, and properties
We first collect some necessary definitions and notations.
Definition 2.1 ([13, 28]). A function f is said to be completely monotonic on an
interval I if f has derivatives of all orders on I and
(−1)k−1f (k−1)(t) ≥ 0 (2.1)
for x ∈ I and k ∈ N.
Definition 2.2 ([16, 19]). A function f is said to be logarithmically completely
monotonic on an interval I if its logarithm ln f satisfies
(−1)k[ln f(t)](k) ≥ 0 (2.2)
for k ∈ N on I.
Definition 2.3 ([26, 28]). A function f : I ⊆ (−∞,∞) → [0,∞) is called a
Bernstein function on I if f(t) has derivatives of all orders and f ′(t) is completely
monotonic on I.
Definition 2.4 ([26, p. 19, Definition 2.1]). A Stieltjes function is a function
f : (0,∞)→ [0,∞) which can be written in the form
f(x) =
a
x
+ b+
∫
∞
0
1
s+ x
dµ(s), (2.3)
where a, b ≥ 0 are nonnegative constants and µ is a nonnegative measure on (0,∞)
such that ∫
∞
0
1
1 + s
dµ(s) <∞.
Definition 2.5 ([5, Definition 1]). Let f(t) be a function defined on (0,∞) and
have derivatives of all orders. A number r ∈ R ∪ {±∞} is said to be the com-
pletely monotonic degree of f(t) with respect to t ∈ (0,∞) if trf(t) is a completely
monotonic function on (0,∞) but tr+εf(t) is not for any positive number ε > 0.
We remark that Definition 2.5 slightly but essentially modifies [11, Definition 1.5].
These classes of functions have the following properties and relations.
Proposition 2.1 ([28, p. 161, Theorem 12b]). A necessary and sufficient condition
that f(x) should be completely monotonic for 0 < x <∞ is that
f(x) =
∫
∞
0
e−xt dα(t), (2.4)
where α(t) is non-decreasing and the integral converges for 0 < x <∞.
Proposition 2.2 ([26, p. 15, Theorem 3.2]). A function f : (0,∞) → R is a
Bernstein function if and only if it admits the representation
f(x) = a+ bx+
∫
∞
0
(
1− e−xt
)
dµ(t), (2.5)
where a, b ≥ 0 and µ is a measure on (0,∞) satisfying∫
∞
0
min{1, t} dµ(t) <∞.
Proposition 2.3 ([1, 6, 16, 19]). Any logarithmically completely monotonic func-
tion must be completely monotonic.
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Proposition 2.4 ([1]). The set of all Stieltjes functions is a subset of of logarith-
mically completely monotonic functions on (0,∞).
Proposition 2.5 ([3, pp. 161–162, Theorem 3] and [26, p. 45, Proposition 5.17]).
The reciprocal of any Bernstein function is logarithmically completely monotonic.
For the history and survey of the notion “logarithmically completely mono-
tonic function”, please refer to [21, p. 2154, Remark 8], [22, Introduction], [23,
Remark 4.8], and a lot of closely related references therein.
For convenience, the notation degtcm[f(t)] was designed in [5] to stand for the
completely monotonic degree r of f(t) with respect to t ∈ (0,∞).
It is obvious that the completely monotonic degree of any non-trivial Bernstein
function on (0,∞) is greater than 0.
Bernstein functions have the following properties.
Theorem 2.1. Let f(x) be a Bernstein function on (0,∞). Then
degxcm[f(x)] ≥ −1. (2.6)
In other words, the completely monotonic degree of any Bernstein function on
(0,∞) is not less than −1.
Proof. Differentiating on both sides of the formula (2.5) gives
f ′(x) = b+
∫
∞
0
e−xtt dµ(t).
By Definition 2.3, the derivative f ′(x) is a completely monotonic function on (0,∞).
In virtue of Proposition 2.1, it is derived that the measure µ(t) in (2.5) is non-
decreasing on (0,∞). Dividing by x on both sides of the formula (2.5) leads to
f(x)
x
=
a
x
+ b+
∫
∞
0
q(xt)t dµ(t), (2.7)
where
q(u) =
1− e−u
u
for u ∈ (0,∞). By some closely related knowledge in the papers [7, 8, 9, 10, 15, 17,
18, 20, 24, 25, 29], we find that
q(u) =
∫ 1
1/e
su−1 ds
and
q(i)(u) =
∫ 1
1/e
(ln s)isu−1 ds,
which implies that the function q(u) is completely monotonic on (0,∞). Conse-
quently, we have
di q(xt)
dxi
= tiq(i)(xt),
which means that the function q(xt) is completely monotonic with respect to x ∈
(0,∞). Accordingly, the very right term in (2.7) is a completely monotonic function
of x. As a result, the function x−1f(x) is completely monotonic on (0,∞), that is,
degxcm[f(x)] ≥ −1.
The proof of Theorem 2.1 is complete. 
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Theorem 2.2. The completely monotonic degree of the reciprocal of a Bernstein
function on (0,∞) is non-negative and less than 1.
Proof. Let f(x) be a Bernstein function on (0,∞). Then, by Theorem 2.1, the
function x−1f(x) is completely monotonic, so its reciprocal xf(x) is non-decreasing,
that is, the reciprocal xf(x) is not completely monotonic. Thus, the degree of
1
f(x) is
less than 1. However, by Propositions 2.5 and 2.3, the reciprocal 1f(x) is completely
monotonic on (0,∞), so its completely monotonic degree is non-negative. 
3. A lemma
For establishing integral representations for Bernoulli numbers of the second kind
bn, we need the following lemma.
Lemma 3.1 ([2, p. 2130]). The function 1ln(1+x) is a Stieltjes function and has the
integral representation
1
ln(1 + z)
=
1
z
+
∫
∞
1
1
[ln(t− 1)]2 + π2
dt
z + t
(3.1)
for z ∈ C \ (−∞, 0].
Remark 3.1. We note that the integral representation (3.1) is a correction of the
equation (34) on page 2130 in [2].
4. Integral representations for Bernoulli numbers
We are now in a position to establish integral representations of Bernoulli num-
bers of the second kind bk.
Theorem 4.1. The Bernoulli numbers of the second kind bn for n ∈ N may be
calculated by
bn = (−1)
n+1
∫
∞
1
1
{[ln(t− 1)]2 + π2}tn
dt. (4.1)
Proof. By (3.1), we have
x
ln(1 + x)
= 1 +
∫
∞
1
1
[ln(t− 1)]2 + π2
x
x+ t
dt (4.2)
and [
x
ln(1 + x)
](k)
=
∫
∞
1
1
[ln(t− 1)]2 + π2
(
x
x+ t
)(k)
dt
=
∫
∞
1
1
[ln(t− 1)]2 + π2
(
1−
t
x+ t
)(k)
dt
= (−1)k+1k!
∫
∞
1
t
[ln(t− 1)]2 + π2
1
(x + t)k+1
dt
(4.3)
for k ∈ N. On the other hand, by (1.1), we also have[
x
ln(1 + x)
](k)
=
∞∑
n=k
bn
n!
(n− k)!
xn−k. (4.4)
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Combining (4.3) with (4.4) leads to
∞∑
n=k
bn
n!
(n− k)!
xn−k = (−1)k+1k!
∫
∞
1
t
[ln(t− 1)]2 + π2
1
(x+ t)k+1
dt. (4.5)
Letting x→ 0+ on both sides of the above equation produces
k!bk = (−1)
k+1k!
∫
∞
1
1
[ln(t− 1)]2 + π2
1
tk
dt.
Thus, the formula (4.1) is proved. 
5. Properties of Bernoulli numbers of the second kind
Basing on the integral representation (4.1) in Theorem 4.1 for Bernoulli num-
bers of the second kind bn, we now turn our attention to investigate the complete
monotonicity and other properties of Bernoulli numbers bn for n ∈ N.
We recall from [28, p. 108, Definition 4] that a sequence {µn}
∞
0 is said to be
completely monotonic if its elements are non-negative and its successive differences
are alternatively non-negative, that is
(−1)k∆kµn ≥ 0 (5.1)
for n, k ≥ 0, where
∆kµn =
k∑
m=0
(−1)m
(
k
m
)
µn+k−m. (5.2)
Theorem 4a in [28, p. 108] reads that a necessary and sufficient condition that the
sequence {µn}
∞
0 should have the expression
µn =
∫ 1
0
tn dα(t) (5.3)
for n ≥ 0, where α(t) is non-decreasing and bounded for 0 ≤ t ≤ 1, is that it should
be completely monotonic.
We also recall from [28, p. 163, Definition 14a] that a completely monotonic
sequence {an}
∞
0 is minimal if it ceases to be completely monotonic when a0 is
decreased. Theorem 14a in [28, p. 164] states that a completely monotonic sequence
{µn}
∞
0 is minimal if and only if the equality (5.3) is valid for n ≥ 0 and α(t) is a
non-decreasing bounded function continuous at t = 0.
Theorem 5.1. The sequence {(−1)nbn+1}
∞
n=0 of Bernoulli numbers of the second
kind is completely monotonic and minimal.
Proof. This follows from setting in the equality (5.3)
α(t) =
∫ t
0
1
s{[ln(1/s− 1)]2 + π2}
ds (5.4)
for t ∈ [0, 1] and α(1) = b1 =
1
2 . The proof of Theorem 5.1 is complete. 
Theorem 5.2. Let m ∈ N and ai for 1 ≤ i ≤ m be nonnegative integers. Then∣∣(ai + aj)!bai+aj+1∣∣m ≥ 0 (5.5)
and ∣∣(−1)ai+aj (ai + aj)!bai+aj+1∣∣m ≥ 0, (5.6)
where |aij |m denotes a determinant of order m with elements aij.
6 F. QI
Proof. From the proofs of Theorem 4.1, we observe that
bn = (−1)
n+1 lim
x→0+
hn(x), (5.7)
where the function
hn(x) =
∫
∞
1
1
{[ln(t− 1)]2 + π2}(t+ x)n
dt (5.8)
is completely monotonic on [0,∞).
In [12], or see [13, p. 367], it was obtained that if f is a completely monotonic
function, then ∣∣f (ai+aj)(x)∣∣
m
≥ 0 (5.9)
and ∣∣(−1)ai+ajf (ai+aj)(x)∣∣
m
≥ 0, (5.10)
where |aij |m denotes a determinant of order m with elements aij and ai for 1 ≤ i ≤
m are nonnegative integers. Applying f in (5.9) and (5.10) to the function hn(x)
yields ∣∣h(ai+aj)n (x)∣∣m ≥ 0 (5.11)
and ∣∣(−1)ai+ajh(ai+aj)n (x)∣∣m ≥ 0, (5.12)
that is, ∣∣∣∣(−1)ai+aj (n+ ai + aj − 1)!(n− 1)! hn+ai+aj (x)
∣∣∣∣
m
≥ 0 (5.13)
and ∣∣∣∣ (n+ ai + aj − 1)!(n− 1)! hn+ai+aj (x)
∣∣∣∣
m
≥ 0. (5.14)
Letting x→ 0+ in (5.13) and (5.14) and making use of (5.7) produce∣∣∣∣(−1)ai+aj (n+ ai + aj − 1)!(n− 1)! (−1)n+ai+aj+1bn+ai+aj
∣∣∣∣
m
≥ 0 (5.15)
and ∣∣∣∣(n+ ai + aj − 1)!(n− 1)! (−1)n+ai+aj+1bn+ai+aj
∣∣∣∣
m
≥ 0. (5.16)
Further simplifying (5.15) and (5.16) leads to∣∣(−1)n+1(n+ ai + aj − 1)!bn+ai+aj ∣∣m ≥ 0
and ∣∣(−1)n+ai+aj+1(n+ ai + aj − 1)!bn+ai+aj ∣∣m ≥ 0,
which are equivalent to (5.5) and (5.6). Theorem 5.2 is thus proved. 
Remark 5.1. Taking m = 3 and ai = i for i = 0, 1, 2 in Theorem 5.2 and using
values of bi for 1 ≤ i ≤ 5 in (1.2) show us that∣∣∣∣∣∣
0!b1 1!b2 2!b3
1!b2 2!b3 3!b4
2!b3 3!b4 4!b5
∣∣∣∣∣∣ =
∣∣∣∣∣∣
1
2 −
1
12
1
12
− 112
1
12 −
19
120
1
12 −
19
120
3
5
∣∣∣∣∣∣ =
857
86400
and ∣∣∣∣∣∣
0!b1 −1!b2 2!b3
−1!b2 2!b3 −3!b4
2!b3 −3!b4 4!b5
∣∣∣∣∣∣ =
∣∣∣∣∣∣
1
2
1
12
1
12
1
12
1
12
19
120
1
12
19
120
3
5
∣∣∣∣∣∣ =
857
86400
.
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Let λ = (λ1, λ2, . . . , λn) ∈ R
n and µ = (µ1, µ2, . . . , µn) ∈ R
n. A sequence λ is
said to be majorized by µ (in symbols λ  µ) if
k∑
i=1
λ[i] ≤
k∑
i=1
µ[i]
for k = 1, 2, . . . , n− 1 and
n∑
i=1
λi =
n∑
i=1
µi,
where λ[1] ≥ λ[2] ≥ · · · ≥ λ[n] and µ[1] ≥ µ[2] ≥ · · · ≥ µ[n] are rearrangements of λ
and µ in a descending order.
A sequence λ is said to strictly majorized by µ (in symbols λ ≺ µ) if λ is not a
permutation of µ.
In [27, p. 106, Theorem A], a correction of [4, Theorem 1] which was collected
in [13, p. 367, Theorem 2], it was obtained that if f is a completely monotonic
function on (0,∞) and λ  µ, then∣∣∣∣∣
n∏
i=1
f (λi)(x)
∣∣∣∣∣ ≤
∣∣∣∣∣
n∏
i=1
f (µi)(x)
∣∣∣∣∣. (5.17)
Theorem 5.3. Let m ∈ N and let λ and µ be two m-tuples of nonnegative numbers
such that λ  µ. Then ∣∣∣∣∣
m∏
i=1
λi!bλi+1
∣∣∣∣∣ ≤
∣∣∣∣∣
m∏
i=1
µi!bµi+1
∣∣∣∣∣. (5.18)
Proof. Employing the inequality (5.17) applied to hn(x) defined by (5.8) creates∣∣∣∣∣
m∏
i=1
(−1)λi
(n+ λi − 1)!
(n− 1)!
hn+λi(x)
∣∣∣∣∣ ≤
∣∣∣∣∣
m∏
i=1
(−1)µi
(n+ µi − 1)!
(n− 1)!
hn+µi(x)
∣∣∣∣∣
which can be simplified as∣∣∣∣∣
m∏
i=1
(n+ λi − 1)!hn+λi(x)
∣∣∣∣∣ ≤
∣∣∣∣∣
m∏
i=1
(n+ µi − 1)!hn+µi(x)
∣∣∣∣∣.
Further taking x→ 0+ and utilizing (5.7) turn out∣∣∣∣∣
m∏
i=1
(n+ λi − 1)!(−1)
n+λi+1bn+λi
∣∣∣∣∣ ≤
∣∣∣∣∣
m∏
i=1
(n+ µi − 1)!(−1)
n+µi+1bn+µi
∣∣∣∣∣
which is equivalent to (5.18). The proof of Theorem 5.3 is complete. 
Theorem 5.4. The sequence {i!bi+1}
∞
0 is logarithmically convex.
Proof. It is clear that (i, i + 2) ≻ (i + 1, i + 1) for i ≥ 0. Therefore, by virtue
of (5.18), we have
(i!bi+1)[(i + 2)!bi+3] ≥ [(i+ 1)!bi+2]
2. (5.19)
This implies the required logarithmic convexity.
This conclusion can also be deduced from Theorem 5.2. The proof of Theorem 5.4
is thus complete. 
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Remark 5.2. Letting i = 2 in (5.19) and using three corresponding values of bi for
3 ≤ i ≤ 5 in (1.2) give
(2!b3)(4!b5) =
3
80
= 0.0375 ≥ (3!b4)
2 =
361
14400
= 0.0250 . . . .
6. A Bernstein function
Finally, we prove that the generating function xln(1+x) is a Bernstein function.
Theorem 6.1. The generating function xln(1+x) of Bernoulli numbers of the second
kind bk is a Bernstein function on (0,∞).
First proof. The integral representation (4.2) shows us that the function xln(1+x) is
positive and increasing on (0,∞). The integral representation (4.3) reveals that the
first derivative of xln(1+x) is completely monotonic on (0,∞). So, by Definition 2.3,
the function xln(1+x) is a Bernstein function on (0,∞). The proof of Theorem 6.1 is
complete. 
Second proof. It is not difficult to see that
x
ln(1 + x)
=
∫ 1
0
(1 + x)t dt (6.1)
and the function (1+ x)t for t ∈ (0, 1) is a Bernstein function. Theorem 6.1 is thus
proved. 
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